Abstract Meshless Finite Difference Method (MFDM) is nowadays a powerful engineering tool for numerical analysis of boundary value problems. Nowadays, its computational capabilities are not fully used mainly due to the lack of suitable commercial software. This paper briefly presents current stateof-the-art of the MFDM solution approach as well as deals with the selected computational aspects of the MFDM. A set of Matlab functions written by the author is attached to the paper. Techniques for generation of nodes, MFD stars, formulas, equations as well as local approximation technique and numerical integration schemes are discussed there.
Introduction
Nowadays, world of computational mechanics is dominated by the Finite Element Method. FEM constitutes general, effective and fully mature solver for numerical analysis of the engineering and mechanical boundary value problems. However, it is not the only solution approach allowing for such numerical analysis. One may mention the Boundary Element Method (BEM), the Finite Difference Method (FDM) as well as a wide group of the meshless methods (MM), which are under extensive development. All these methods posses some advantages, which make them competitive to the FEM in some applications. For instance, in the MM, no nodes connectivity is required. In some special cases, numerical analysis performed by those methods can be even more effective than in the case of the FEM. Hereby, constant development of existing computational methods as well as search for new ones are justified and are recently conducted worldwide. Here, specially investigated is the Meshless Finite Difference Method (MFDM, [16, 18] ), which belongs to the group of those meshless methods [2, 3, 18, 33] , in which the local approximation is built by means of the Moving Weighted Least Squares (MWLS, [13, 16, 18] ). In fact, the MFDM is one of the oldest meshless approach, and therefore possibly the most developed one. Its bases reach pre-computer times (FDM), although worldwide attention devoted to the FEM caused stagnation in generalization and automatization of the FDM. Concept of the FDM generalization for the arbitrarily irregular sets of nodes (the Generalized FDM, now called the Meshless FDM) emerged in Poland in the late 70ties [14, 15] . Afterwards, the rapid development of the methods called meshless (or meshfree) started in the early 90ties in other parts of the world. Following E. Onate et al., one may classify meshless methods as those in which the approximation can be constructed entirely in terms of nodes rather than elements.
Various MM are nowadays widely applied in many aspects of mechanics, however still not enough attention is devoted to them in the computational mechanic science. Probably, the main drawback is the lack of the commercial software, which may discourage potential users from the meshless approach. In most cases, the only possible solution is to construct own solvers. However, the amount of necessary work may be not as large as it seems, since many of the already implemented solution steps may be transformed from the FEM code, for instance. Therefore, the main goal of this paper is to encourage scientists who are familiar only with FE analysis, to prepare their own program codes for the alternative MFDM solution approach on the basis of those discussed here. All given descriptions and codes are part of the original author's contribution to the MFDM analysis. They may be useful in itself at the very first stage of investigation as well as they may be treated as the interesting starting point for their further development and extension towards more sophisticated applications. The software is available from Netlib (http://www.netlib.org/numeralgo/) as the na36 package.
Finite difference method
The Finite Difference Method FDM [16, 18] is one of the oldest numerical methods of analysis of the boundary value and initial value problems, used long time before the computer age. The classical FDM is a very effective tool for analysis of the boundary value problems posed in regular shape domains. Especially convenient is then generation of the mesh, FD stars, formulas and equations. Moreover, for regular meshes there are many mathematical proofs regarding the stability and convergence of the method as well as the existence, and uniqueness of the solution. However, its power and scope of applications were practically limited to the regular meshes and regular shaped domains. Lack of possibility of local mesh refinement is another drawback of the classical FDM. Moreover, its full automation was very difficult to perform. Needed was generalisation of the FDM at least for the arbitrarily irregular meshes (clouds of nodes), and for the domains with arbitrary shapes.
Meshless finite difference method
Though idea of irregular meshes is not new, a possibility of practical calculation was dependent on computer technique development. Evolution of irregular meshes starts from the mesh being partially regular in sub-domains, then irregular, but with restricted topology, which allows for mapping onto the regular one to arbitrarily irregular cloud of nodes. It is worth mentioning that one of the earlier methods without a mesh is smoothed particle hydrodynamics, presented in 1977 [7] . This approach constituted the basis for a more general method known as the Reproducing Kernel Particle Method (RPKM). Completely independent concept was based upon the Moving Least Squares shape function. The MLS shape function has been successfully used in both the strong (avoiding the background grid) and a weak form (Galerkin) with a background grid for the integration domain by Orkisz and Liszka et al. (Generalized MFD [15] , called Meshless MFD nowadays [18] ), Nayroles et al. [17] and by Belytschko et al. [3] .
The basis of the MFDM was published in the early seventies. Fully arbitrary mesh, though for local formulation and the interpolation schemes only, was firstly considered by Jensen [9] . The main disadvantage of his approach was frequent singularity or ill-conditioning of a control scheme. Several authors tried to develop an automatic procedure which avoids incorrect stars and thus improving the accuracy of the FD formulas. Perrone and Kao proposed using of additional nodes in the FD stars, selected from the geometrical criterion. The approach for FD analysis of boundary value problems posed in the variational form were considered first by R.A. Nay and S. Utku. Those early formulations of the so called Generalised FMD were later extended and improved by many other researchers. The most interesting works were published by M.J. Wyatt, G. Davies, C. Snell, P. Mullord, D.G. Vesey and much later by B. Nayroles, G. Touzot and P. Villon. It is worth mentioning here a contribution of the polish authors, Z. Kczkowski, R. Tribio, M. Syczewski and J. Cendrowicz, in the early stage of this research.
The initial concept of P.S. Jensen, which was based on considering the irregular meshes, though for local formulation and the interpolation schemes only, was mainly developed throughout last thirty years by J. Orkisz and his numerous co-workers (T. Liszka [14, 15] , W. Tworzydo, J. Krok [11, 12] , W. Cecot, W. Karmowski [10] , J. Magiera, M. Pazdanowski, I. Jaworska [20, 21] , S. Milewski [23] [24] [25] [26] [27] [28] [29] [30] ). The most complete and general version of the Generalised FDM (GFDM) (now called Meshless FDM), based on the arbitrary cloud of nodes (totally irregular meshes) and MWLS approximation appeared in the late seventies. Since then it has been widely extended towards non-linear problems, combinations with order discrete methods, differential manifold, higher order approximation as well as multigrid adaptive approach. Several general presentations of the MFDM were made in the last years, including [16, 18, 29, 30] . The MFDM falls into the category of the meshless methods (MM, [2-4, 18, 33] ), introduced in the early 90ties. The characteristic feature of all MM is formulated by Idehlson and Belytschko [3] , "meshless are these methods, in which the local approximation of the unknown function is built only in terms of nodes". Thus MM use unstructured clouds of nodes, that may be distributed totally arbitrarily, without any structure imposed apriori, like domain division into elements or mesh regularity, or any mapping restrictions. This feature allows for inserting, shifting and deleting nodes in much easier manner than in element-based approaches. In such context, the MFDM presents nowadays the oldest (at least since 1972), and therefore, possibly the most developed as well as effective meshless method. The notion "meshless" still causes a lot of misunderstanding among involved scientists. According to its definition, any meshless method may use nodes and only nodes for prescribing approximation of the unknown function and its derivatives. However, it does not mean that any type of domain topology should be avoided, e.g. in order to MFD star (stencil) generation, for integration schemes or even visualization purposes. Approaches, which omit usage of nodes topology, may lead to a large waste of useful information. Nevertheless, many scientists search for "truly meshless" methods, which are wrongly understood as methods without any a-posteriori determined topology (e.g. triangles as integration subdomains). It should be stressed here that as long as additional topology information does not affect the local function approximation, the method remains meshless.
The basic MFDM solution approach consists of several steps [16, 18, 29] , which are listed below [14, 15, 22] , -A-posteriori error analysis [11, 16, 29] , -Mesh refinement and adaptive (multigrid) solution approach, [16, 18, 29] , -MWLS with generalised degrees of freedom [11, 12] , -Higher order approximation [16, [23] [24] [25] [26] [27] [28] [29] [30] [31] , -MFDM on the differential manifold, -MFDM/FEM combinations and unification [12] , -Experimental and numerical data smoothing [10, 18] , -Hybrid experimental/theoretical/numerical approach [10] , -Software development, -Engineering applications.
Many of those given above MFDM extensions were co-worked by the author of this paper throughout last ten years.
Boundary value problem formulation
In most cases, the FEM is associated with the weak global formulations, for instance the variational Galerkin principle or minimisation of the energy functional [34, 35] . FE are natural supports for the interpolation functions as well as integration weights. However, in both FEM and MFDM possible are also other boundary value problem formulations [18, 30] . Especially in the MFDM, any formulation which involves unknown function and its derivatives, may be applied. The local formulation, natural for the classical FDM, is given as a set of differential equations with appropriate boundary conditions. In the considered domain ⊂ n with boundary ∂ , a function u(P) is sought at each point P, satisfying equations
where L and G are given differential operators, inside the domain and on its boundary respectively, and f , g are known functions of point P.
Global formulations may be posed either in the form of a functional optimisation (mainly for the self-coupled problems) or more general, as variational principles (e.g. the principle of virtual work). In the first case, considered is minimisation of a functional given in the general form
satisfying boundary conditions (2) . In the second case, variational principle in the general Petrov-Galerkin form is considered
where u = u(P) is a searched trial function, and v = v(P) is a test function from the admissible space V adm . When the test and trial functions use the same basis functions for approximation, one has Bubnov-Galerkin approach. Moreover, the variational form (4) may have symmetric (e.g. Bubnov-Galerkin approach) or non-symmetric character, depending on the type of the bilinear form B (u, v) . Also global/local formulations may be considered. The whole domain is divided then into a finite number of subdomains i , usually assigned to each selected point (node) P i . The original functional minimisation (3) or variational principle (4) is applied rather to those local subdomains than to the whole domain at once. Such concept is a natural base for Meshless Local Petrov-Galerkin (MLPG) formulations [2, 30] , recently becoming more and more popular in many applications. Consider locally formulated boundary value problem: Find such function
One may easily construct three standard variational formulations, with various continuity and integrability requirements imposed on trial (u) and test (v) functions, namely -nonsymmetric variational form of type 1:
Here, H denotes Sobolev's space, with given required order of integrability (upper index 0, 1, 2) and requirement for fulfilment of the homogeneous Dirichlet conditions (lower index 0), with the affinity shift (ū) applied in case of non-homogeneous ones.
-nonsymmetric variational form of type 2: Find such function u ∈ H 0 0 +ū, that for any test function v ∈ H 2 0 satisfied is
Here,
∂ ∂n
denotes partial derivative in the normal direction to a boundary ∂ N .
In the case of the MLPG5 approach [2, 30] , in which the test function v is defined as a Heaviside step function (v(P) = 1, if P ∈ i , otherwise v(P) = 0), e.g. the variational symmetric form (7) may be written as below
with the same requirements imposed on the trial function u and with Neumann type boundary conditions from (5). Here, meshless discretization of the domain is required a-priori and the (9) form is satisfied on the subsequent nodal subdomains i (i = 1, ..., N, N-number of nodes).
Nodes generation and topology determination
The MFDM solution approach needs generation of clouds of nodes (arbitrarily distributed irregular points, forming later on an irregular cloud, that has basically no restrictions). Any mesh generator built for the FE analysis could be used here. However, it is convenient to use nodes generator taking advantage from the features specific for the MFDM analysis. Such generator (e.g. Liszka type generator [14, 15, 18] ) may be based on nodes density control, zones with the regular mesh and smooth transition between them. It is assumed here that the potential user is able to describe the domain geometry e.g. by means of set of edge points ((x
. Afterwards, the whole domain is enveloped by the rectangular region
where
Then the most possible dense regular square background mesh is generated in R. Actual nodes (x i , y i ), i = 1, ..., N are selected ("sieved") out of that background mesh using prescribed local mesh densityρ (e.g. constant for the very first rough regular cloud of nodes). In such procedure, location of any potential node has to be recognized (basing on the set of edge lines, e.g. by means of the winding algorithm) whether it is located inside the domain or not. If it is located outside, such point has to be left. More details may be found in any monograph devoted to the computational geometry aspects, e.g. in [32] . The boundary nodes may be generated directly from the edge topology (edge points becomes nodes whereas additional nodes are generated on every edge line in accordance with the prescribed density). Such nodes density based generator allows for effective determination of points that altogether with nodes belong to the cloud of one rank denser. Moreover, these a-priori determined points may serve as potential locations of new nodes in the a-posteriori error analysis and adaptive solution approach. A new node may be inserted with only small local modifications of the nodes topology. Additionally, without restrictions imposed on the nodes structure, any node can be easily shifted or removed. When generated, the nodes are not bounded by any type of structure, like element or mesh regularity. However, it is convenient to determine afterwards the topology information of the already generated cloud of nodes [18] . In 2D domain topology is determined by -Voronoi tessellation (domain partition into nodal subdomains [18, 22, 32] ), and list of Voronoi neighbours assigned to each node, -Delaunay triangulation (domain partition into triangular elements), and list of triangles involving each node [18, 22, 32] .
Voronoi tessellation and Delaunay triangulation of the cloud of generated nodes, followed by their topology determination, are very useful for further analysis of the boundary value problems (e.g. to MFD star selection, numerical integration, postprocessing, nodes density control, MLPG subdomains determination, visualization purposes). However, as it was already mentioned, any topology information should not be applied in order to approximate the unknown (trial) function. In other case, method can not be treated as the meshless one. For instance, in case of the local formulation, topology is not necessary to determine (no integration). In case of the variational formulation, it may be useful but not essential. An 2D example of nodes topology determination for 2-T shaped domain, is presented in Fig. 1 . Irregular cloud of nodes (top left), Delaunay triangulation (top right), Voronoi tessellation (bottom left) and a-priori distribution of adaptation points (bottom right) are shown.
MFD star selection and classification
A group of nodes used together as a base for a local MFD approximation is called the MFD star or stencil. Thus the MFD stars play similar role in the MFDM as the elements in the FEM, i.e. they are used for spanning a local approximation of the searched function. When dealing with irregular cloud of nodes, both MFD stars and formulas usually differ from node to node. However, configuration of stars may be common for some nodes. The most important feature of any selection criteria then is to avoid singular and ill conditioned MFD stars. Therefore, not only the distance from the central node counts, but also nodes distribution. Several MFD stars generation criteria may be distinguish [18] , namely -distance criterion-the simplest but most primitive one-a specified number of nodes from the closest distance of the central star point is taken into account, -improved 'cross' criterion-specified number of nodes (usually 2), closest to the central star point is taken separately from every of four quarters of the local coordination system, subjected at the central star point, -the most complex 'Voronoi neighbours' criterion-selected to the MFD star are those nodes which are the Voronoi neighbours-that means e.g. in 2D domain that those polygons have common side (strong neighbours) or common vertex (weak neighbours) with the polygon prescribed to the central star point.
MWLS approximation and MFD schemes generation
The Moving Weighted Least Squares approximation [13, 18] , spanned over local MFD stars, is widely used in the MFDM in order to generate MFD formulas as well as in the postprocessing. For any mentioned type of b.v. problem formulation, MFD formulas for prescribed approximation order p are required at every node as well as at Gauss integration point (for global type only). Consider MFD star at point (x,ȳ), which consists of m arbitrarily distributed points. Number of these nodes, (in general: number of degrees of freedom) in the MFD star, should not be smaller than the number of coefficients s to be determined. Usually, it is greater in order to avoid dealing with ill-conditioned simultaneous algebraic equations. The local approximationû(x,x, y,ȳ) of p order is spanned using here Taylor series expansion, including s subsequent terms (for 2D s = 0.5( p + 1)( p + 2)). By assuming the interpolation conditions (û(x i ,x, y i ,ȳ) = u i , where u i -given nodal values), one gets overdetermined system of algebraic equations
where P-matrix of known local interpolants (h, k), Du-unknown approximation coefficients (local derivatives) vector and q-nodal degrees of freedom vector (e.g. function values).
Here, h i =x − x i , k i =ȳ − y i . Unknown derivatives vector Du is obtained in such a manner that the weighted error functional
is minimised with respect to the Du. Here, W = diag{ω i }, i = 1, ..., m is a diagonal weights matrix. The solution of the functional optimisation problem yields the MFD formulas matrix M for a complete set of derivatives up to and including order p
Moreover, the local approximation for MFD star at point (x,ȳ) may be written in the following form
with the pseudo-shape functions (x, y) = {ϕ i (x, y)} , i = 1, ..., s and vector p of interpolants (h, k). For determination of the MFD formulas (15) , usually the singular weights are assumed
Singularity assures, in this way, the delta Kronecker property ϕ i (x j , y j ) = δ ij , and consequently enforces interpolation at the central point (x,ȳ) of each MFD star as well as a-priori fulfilment (without any additional techniques) of the Dirichlet boundary conditions. For the postprocessing, when data smoothing is required, one may use non-singular weights and MFD stars with the greater number of nodes m than considered here. It is worth stressing that other meshless methods [3] use alternative polynomial notation for the local approximation (12) . However, Taylor series based notation used here offers also information about approximation error, caused by a truncated part of the Taylor series, as well as provides a simple interpretation of the approximation coefficients considered as function derivatives (local type). In general, the MWLS approximation is powerful and effective approximation technique, however its quality depends on a number of parameters involved.
Numerical integration in the MFDM
Numerical integration plays an important role in the MFDM, and may have significant influence on the final results, when applied to boundary value problems posed in the global or mixed global-local formulations. Integration may be also required in the postprocessing of nodal results, e.g. when energy norm of the solution error has to be evaluated over a chosen subdomain. The type and values of integration parameters depend on the purpose of integration.
There are at least four basic ways of numerical integration in the MFDM -Subdivision of the domain into subdomains i , i = 1, 2, ..., n assigned to each node, and integration over these subdomains (Fig. 2a) . This may be performed by means of the Voronoi tessellation and integration over Voronoi polygons (in 2D) i or Voronoi polyhedrons V i (in 3D).
-Subdivision of the domain into triangular elements (in 2D) or tetrahedrons (in 3D) with nodes located at their vertices, and integration over these elements (Fig. 2b) . The Delaunay triangulation (in 2D) seems to be the best choice here. Integration is performed using the same quadratures as in the finite element analysis, while values of the integrands at Gaussian points are found by means of the MWLS approximation, -Introduction of an independent background mesh and subdivision of the domain into subdomains (triangles, squares, ...) in a way independent on existing nodes, and integration over these subdomains (Fig. 2c) , (Fig. 2d) . Such approach that is typical for the other meshless methods, could be also used in the MFDM.
It is worth stressing that the background mesh consisting of the integration cells must not be confused with the cloud of nodes for function approximation. These may be completely different, or they may be dependent from each other. However, approximation of the unknown has to be based on nodes only, in each case without any influence from the integration mesh. Moreover, the selection of the integration scheme may depend on the type of the formulation of the b.v. problem applied or the derivatives order. For instance, in case of the Atluri's MLPG approach [2, 31] , the integration is reduced to the nodal subdomains of simple geometrical shape, whereas the test function may be even non-zero constant function over those subdomains. Some terms in the variational principle may vanish then. This is the MLPG5 case.
Generation of the MFD equations
Having found the MFD operators for all derivatives (15) , one may compose any MFD operator required either for a MFD equation, boundary conditions or for an integrand (for the global MFD formulations). If its order is greater than the assumed one p, one may use appropriate formulae composition, e.g. u xxxx = (u xx ) xx and twice the formula (15) .
Generation manner of the MFD equations depends on the type of the boundary value problem formulation [18] . In the local formulation, MFD equations are generated by collocation technique, which assumes satisfying the difference formulas at all internal nodes inside the domain. In the global formulations, numerical integration is additionally required. It is followed then by the aggregation technique, similar to the FEM. The MFDM equations are generated then -directly from the variational principle (Galerkin type approach) or -by means of minimisation of the appropriate functional.
Consider e.g. a class of linear differential operators of the second order
where c = {c 0 , ..., c 5 } are known coefficients. A required MFD operator is here a linear combination of derivatives Du. Collocation technique, for the local formulation, leads directly to the set of algebraic equations arising node by node
As it was already mentioned and discussed, in the global formulations, numerical integration is additionally required. It is followed then by the aggregation technique, like in the FEM. Consider e.g. the global formulation given by the energy functional in the particular form
After numerical integration
where M-number of integration cells, J j -transformation matrix determinant, N G -number of Gauss points, ω i( j) -integration weight, P i( j) -Gauss integration point. MFD equations are generated by the functional minimisation with the respect to the unknown nodal values
Variational formulation, after numerical integration and aggregation, produces at once the system of FD equations.
MFD discretization of boundary conditions
Quality of the MFD solutions essentially depends on the quality of discretization of the boundary conditions. Consider b.v. problem formulated in (1). In case of essential (Dirichlet) boundary conditions, it is sufficient to substitute at boundary nodes
since the MFD pseudo-shape functions posses the Delta Kronecer property as long as the weights (17) applied for MWLS approximation remain singular. In that case the approach is exactly the same as in the FEM. In case of natural (Neumann) boundary conditions, the differential operators are involved in such conditions. Additional MFD approximation is required then at boundary nodes P i ∈ ∂ N . It is obtained in the same manner as described in Section 3.4. However, the MFD approximation at boundary node which uses only internal nodes, shall be less accurate than the one inside the domain. To improve approximation accuracy, several approaches may be distinguish [18, 29] . All of them assume usage of internal nodes for approximation as well as additional -boundary information, e.g. boundary condition or domain equation but specified on its boundary, -generalised degrees of freedom (g.d.o.f), -higher order terms from the Taylor series expansion of the MFD operator, -external fictitious nodes.
Use of so called fictitious nodes, located outside the domain, introduces additional unknowns to the system of algebraic equations. Using relevant boundary formulas, they may be expressed in terms of the internal nodes values based on the appropriate boundary conditions. Thus one gets slightly better approximation, because the central node is closer to "centre of gravity" of the MFD star. However, this approach is not recommended in the hyperbolic problems (in dynamic mechanics), due to the fact, that greater number of nodes artificially increases the mass of the discretized system.
Higher order approximation, that may be provided by several mechanics including correction terms of the MFD operators, and general multipoint approach, was discussed in details in many papers co-authored by the author of the present paper [23] [24] [25] [26] [27] [28] [29] [30] . Though interesting, it will be not considered here.
Solution of simultaneous FD equations
In the MFDM analysis, one deals with Simultaneous Algebraic Equations (SAE). They may be linear or non-linear equations, e.g. when the original boundary value problem analysed is non-linear. In the case of linear boundary value problems, appropriate SLAE may be of non-symmetric (e.g for local b.v. formulation) or symmetric form (for global formulations, with proper discretization of the boundary conditions). In the last case they might be solved by means of similar procedures like those for the FEM discretization. Nonsymmetric equations may use solvers developed e.g. for the fluid mechanics. However, the best approach seems to be development of solvers specific for the MFDM, taking advantage of this method nature. Especially, the multigrid adaptive solution approach [5, 18, 22] seems to be effective then.
After obtaining solution of SLAE, postprocessing of the results is usually required. The MWLS approximation is a powerful tool for postprocessing because it may provide users with values of a considered function, and its derivatives at every required point. Approximation is based on discrete data (values of functions, their derivatives or other generalised degrees of freedom). Approximated results may be directly obtained, at each point of interest, using the approach defined by formulas discussed in Section 3.4. Thus the same MWLS approach is used as the one applied to the generation of the meshless difference operators discussed above. Though precise enough, that MWLS approach is time consuming, because solution of the local equations system is needed at each point where such approximation is required. Precision of the MWLS results significantly depends on the right choice of the set of parameters involved. They may essentially change the quality of the standard MWLS approximation.
General remarks
The basic solution MFDM approach, outlined above, has been extended in many ways so far (see beginning of Section 3), and is still under current development. Nowadays, special attention is given to a-posteriori error analysis [1, 29] , higher order approximation [25, 26, 29] as well as discretization of various b.v. problem formulations (especially the MLPG ones [2, 30] ). However, many problems still need to be defined and solved, some of them are under current research (mathematical foundations, multigrid adaptive nodes generator, combinations with FEM and Artificial Intelligence (AI) methods, etc). This paper focuses on one of them, namely the lack of commercial programs allowing for effective MFDM analysis of real engineering problems.
Many problems still need to be defined and solved, some of them are under current research nowadays. Among them one may distinguish -solid mathematical bases of the MFDM, including such problems as solution existence, solution and residuum convergence, stability of the MFD schemes, -various Petrov-Galerkin formulations and their discretization using MFDM, -study on the influence of the numerous parameters on the quality of the MWLS approximation -further development of the higher order approximation, based on -correction terms [19] , -multipoint approach [6] , -improved, solution and residual error estimation, based on the new, higher order reference solution of high quality, -analysis of the multigrid, full adaptive solution approach [8] , based on the mesh generator, oriented on the 2D and 3D large non-linear boundary value problems, -acceleration of the SAE solution, -comparison and coupling of the MFDM with the other meshless methods, -combination of the MFDM with other discrete methods, especially with the Boundary Element Method (BEM), FEM, and Artificial Intelligence (AI) methods, -development of the engineering software, -various engineering applications.
The present paper aims to fulfil one important topic from the list above, namely the lack of the appropriate computational software.
Program codes for the MFDM analysis
A general manner of designing computer codes pursuing b.v. problems using the MFDM, is presented here. Though all guidance is as much general as it may be, the exemplary codes have been prepared by the author using the Matlab technical language. Several aspects should be taken into the account while selecting the programming environment, for instance computational speed, availability of function libraries, results presentation abilities etc. In Matlab, mathematical background and graphical visualisation allow for fast and effective programming of designed numerical algorithms. Therefore, the main emphasis was laid here upon transforming fundamental aspects of the basic MFDM solution approach into the Matlab code. The code was optimized in order to reduce the usage of the "for" loop which has significant influence on the speed of program execution. However, this kind of loop appears in some procedures devoted to numerical integration or nodal collocation, in order to deliver more accessible and readable code.
Correctly designed computational package should consist of three main parts, namely -pre-processor: domain and boundary determination, choice of b.v. problem formulation, description of material, geometry, load as well as very first (usually rough regular) cloud of nodes generation with a-posteriori determined topology (triangles, polygons, neighbours) and mesh for integration (if required), -processor (solver): MFD star generation at nodes and Gauss points, local MWLS approximation, generation of MFD operators and equations, numerical integration (when needed), boundary condition discretization, solution of linear SAE, -post-processor: general (MWLS) postprocessing of nodal results (e.g. calculating stresses from displacements) as well as a-posteriori solution error estimation, adaptation of cloud of nodes as well as return to solver with new adapted cloud.
Here, attention was laid upon the implementation of the solver aspects. User's task is to generate the primary cloud of nodes, which may be regular one in the simplest case or a-priori refined using e.g. geometry based criteria (concentration zones). Although the nodes generation for the meshless methods is much simpler than in the FE analysis, it remains a complex problem and it is not described here in more detailed way. However, some general ideas were already presented in the previous sections. In Matlab, the simplest topology information (if required) may be prepared by applying several Matlab functions: 'delaunay' (or 'delaunayn') and 'voronoi' (or 'voronoin'). Refer to any Matlab documentation for more details. However, it should be pointed out that those functions generate triangles and polygons without any a-priori knowledge of the domain boundary. Therefore, additional user's procedure should be designed in order to eliminate incorrect (external) triangles as well as to rebuild polygons of the boundary nodes. Eventually, one should have list of all nodes coordinates, codes of boundary nodes (internal or boundary node) as well as list of all triangles and polygons (for global formulations and for postprocessing purposes). The exemplary results for 2-T shaped domain were already presented in Fig. 1 .
The following engineering problem was considered. Find total shear stress
in a prismatic bar of specified cross-section (e.g. rectangular or 2-T shaped) subjected to the torsional moment. Such problem may be posed in local formulation
as well as in the weak variational (Galerkin) one: Find such (trial) function
Here, F = F(x, y) is a scalar Prandtl function (unknown primary solution), G is a Kirchhoff modulus (material parameter) and θ is a torsional angle (load). The local formulation (25) is a typical formulation for FDM whereas the variational one (26) is commonly applied in the FE analysis.
Software information
Several separate m-files and one data file were prepared by the author of the paper. The software is available from Netlib (http://www.netlib.org/ numeralgo/) as the na36 package. Installation of the prepared software is not very complicated. The user is supplied with one zip file (MFDMtool.zip), which contains one directory with all necessary files. This archive file should be uncompressed to the prescribed location. The only m-file from this directory, which may be run directly, is the TEST.m file. One may add the name of this directory to the Matlab search path in order to run this file from the Matlab Command Line. In other case, it should be open through the Matlab Editor and run, after the change of the Matlab Current Directory. Although all codes have been prepared and tested by means of the Matlab 7.7.0 (R2008b), they do not contain any functions or syntax, which may be untypical for most commonly applied Matlab versions. More details of the implementation techniques of the subsequent steps of the MFDM algorithm may be found in the README.txt file as well as within the instruction manual attached to the package.
Conclusions
The computer implementation techniques of the basic Meshless Finite Difference Method (MFDM) solution approach were considered. MFDM belongs to the wide group of the meshless methods (MM). In MM, the approximation of the unknown function is prescribed in terms of nodes only. Therefore, no nodes connectivity is required for local approximation support. The MFDM solution approach constitutes the fully mature and effective solution tool for analysis of the boundary problem of mechanics. However, the long-time practice and enormous computational work devoted to the Finite Element Method (FEM), caused stagnation in many aspects of the MFDM. The main goal of this paper is to encourage scientists who deal with computational mechanics to design their own codes based on the MFDM solution approach.
The most important aspects of this approach were described and implemented by means of the well-known Matlab package. Special attention was laid upon problems of the MFD star generation, local Moving Weighted Least Squares Approximation, MFD equations generation, integration schemes as well as the final postprocessing of the results. The exemplary codes concern the shear problem of the prismatic bar, posed in both local and variational (Galerkin) formulations. Moreover, they may be easily extended by users for a large class of mechanical and engineering applications. However, as it may be seen, this is only an interesting starting point. Many of the aspects of the MFDM solution approach which do not appear here, are worth paying more attention and treatment. The following directions, which are under extensive development nowadays, seem to be most fascinating: higher order approximation provided by correction terms, discretization of the MLPG formulations as well as improved a-posteriori error analysis. Presentation of their computational aspects is planned as the next part of this paper.
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